Samuelson's surrogate production function seemed discredited after the capital controversy, but empirical investigations have shown that wage curves derived from input-output tables are approximately linear and that reverse capital deepening is rare. This paper provides a novel theoretical explanation of these findings, based on assumptions significantly weaker than that of uniform intensities of capital, and it demonstrates that the number of wage curves of individual techniques, which appear on the envelope, is surprisingly small.
1 A reflection of her teaching is to be found in Robinson (1979, p. 267) , where the better technique implies a rise of both output per head and of the maximum rate of profit. She added: 'This appears to correspond to the typical development most prevalent in modern large-scale industry', and she rejected the idea that the rise of output per head might be bought by a reduction of the maximum rate of profit (ibid., p. 272).
The surrogate production function, on the other hand, looked like this ( fig. 2) 2 The constellation shown in fig. 2 can also be interpreted as a succession of techniques with a rising organic composition of capital, as in Schefold (1976) , but Joan Robinson objected; see our subsequent exchange of letters in the Joan Robinson Archive and Robinson (1979, p. 272) . The neoclassical equilibrating mechanism is not valid in general already if there is only one example of reverse capital deepening. Could it still be relevant as a rule with exceptions? Not, if the cases with reverse capital deepening are frequent.
The applicability of the critique of neoclassical theory based on reverse capital deepening therefore depends on how often it occurs -if reverse capital deepening occurs very rarely, if it is only a logical possibility and not likely to be encountered in reality, the critique remains academic. How likely is it? Before asking this question, one should ask how many switches there are in the first place.
3 Fig. 3 shows how the amount of capital to be employed in a steady state at a given rate of profit can be determined. This 'demand' for capital changes in the direction opposed to the hypotheses of neoclassical theory, if there is reverse capital deepening. This paper shows that the objection is less damaging for neoclassical theory (provided it is based on empirical generalisations à la Schmoller and is not meant to hold a priori à la Menger) than I, for one, used to think. Another possible objection is that the 'supply of capital' cannot be defined meaningfully in the transition between steady states, as in this thought experiment based on Fig. 3 . Objections to the 'supply of capital' also are important; we shall come back to the supply side at the end of section 2.
But the questions are linked. I used to believe in the 'rapid succession' (Sraffa 1960, p. 85) of switches, as one runs down the envelope, for if only two methods are known in each of 1000 industries, there result 2 1000 wage curves. Many of them might be inferior so that they would not appear on the envelope, like wage curve € w 4 (r) in fig. 3 , but many might appear several times, like € w 1 (r) in fig. 3 , so that "the number of switchpoints" on the envelope could be "at least of the same order of magnitude as the number of wage curves" (Schefold [1979 , p. 279). I could believe this (not alone -I remained unopposed in many presentations of this argument), because I also believed that any two wage curves might cross several times.
There seemed to be no compromise between the idea of an envelope involving a very large number of wage curves and Robinson's postulate that one technique would be the best, independently of distribution. But we shall show that the picture may change drastically, if we admit that the wage curves are nearly straight lines as many empirical investigations by Anwar Shaik and others on the basis of inputoutput analyses have shown (see Mariolis and Tsoulfidis 2010, and Han and Schefold 2006 , with the references mentioned in these papers).
The empirical investigation became possible as a result of turning to input-output analysis. In fact, to rely on input-output analysis and not on set-theoretical approaches for the representation of the spectrum of techniques was a paradigm shift, as we shall argue at the beginning of section 3. Han and Schefold (2006) extended the approach to comparisons of 496 = 32 · 31/2 different envelopes of wage curves, resulting from considering pairs combined out of 32 different input-output tables; each pair represented a spectrum of techniques and gave rise to one of the 496 envelopes. We found one case of reswitching. About 3,5% of the 4389 switchpoints exhibited reverse capital deepening or another paradox of capital theory. The vast majority (more than 95%) of switchpoints were of the neoclassical type, with the intensity of capital falling as one moved across the switchpoint with a rise in the rate of profit both at the macroeconomic and the sectoral level. This investigation certainly had its difficulties; the ones I myself regard as most important are discussed in the paper itself -the experiment should be repeated by others. But it had the advantage of giving a precise answer on the basis of numerous data what a low probability of the most important paradox (reverse capital deepening at the aggregate level) means: less than one percent of the switchpoints observed exhibited this phenomenon.
There was another, curious finding. It turned out, with 4389 switchpoints on 496
envelopes, that only about ten wage curves appeared on average on each of the envelopes, although each envelope was derived from two input-output tables, with 33 sectors. The book of blueprints thus consisted in each comparison of 66 methods for 33 industries so that the construction of each envelope involved 2 33 ≈ 10 10 wage curves.
I have since endeavoured to explain theoretically, why the wage curves must be nearly linear and why the paradoxes therefore are rare (Schefold 2008 and Schefold 2011) , but I had no explanation for the puzzle why only so few wage curves (about one in 10 9 ) appeared on each of the envelopes.
A model capable of explaining this finding shall here be presented. It seems useful to increase the number of countries compared in order to understand its significance. But, before stating the main assumptions, it also seems useful to discuss the meaning of the comparison of the input-output tables in more detail.
Joan Robinson once wrote: 'Nothing could be more idle than to get up an argument about whether reswitching is "likely" to be found in reality' (Robinson 1979, p. 82 The process of imitation among developed countries thus achieves less than the envelope indicates, insofar as so many obstacles have to be overcome in copying the methods of others, but it achieves more, insofar as progress can be expected to accompany imitation. It may be a big problem for developed countries to identify best-practice techniques, which are constantly evolving. It is a lesser problem for backward countries since it does not matter so much whether they take the really best techniques for their target; the second or third best may still constitute a big advance relative to the position in which they are. Even the planned economy of the Soviet Union was able to move forward quickly, when it was very backward, but it got stuck when quality began to matter more. To catch up becomes the more difficult, the closer one is to the top, and a real overtaking, with a new country taking world leadership in technology, has occurred only a few times in history.
With this interpretation in mind, we return to the formal comparison of wage curves, thought to be derived from input-output tables of actual economies. I present a summary of the theoretical arguments why we may expect them to be nearly linear, in accordance with the empirical results referred to above.
Nearly linear wage curves
As usual, prices of the system for a given technique (one method in each industry)
follow from
w wage rate, € r rate of profit. Prices are normalised by means of a numéraire vector
€ dp = 1, where
A indecomposable and productive. Prices in terms of the wage rate
maximum rate of profit of this system). Hence the wage rate € w(r) follows from € 1 = dp = dˆ p w;
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Here we have introduced a representation of
.., n ; respectively, with the 'strong' normalisation The form of (1) confirms that wage curves can be very complicated, with € n being large, but one immediately obtains the following familiar simplifications: The wage curve becomes a hyperbola:
This case looks at first as if it were only of formal relevance, but it turns out to be of great economic interest. It is discussed with more rigour and with more ramifications in Schefold (2011) . Here I hope to provide a useful complement to that exposition by presenting a more intuitive and more concise argument.
If the non-dominant eigenvalues are all strictly equal to zero, The non-dominant eigenvalues of large random matrices only tend to disappear, they are not exactly zero, as stated. Because of the mathematical difficulties associated with the analysis of large random matrices, it is convenient to work with a deterministic analogue, i.e. non-negative matrices, for which all rows are exactly proportionate and which therefore have the property that the non-dominant eigenvalues are strictly equal to zero. Such matrices, which can be written as € A = cf , are necessarily positive, if they are semi-positive. They are artificial constructs, introduced here only in order to visualise some properties of random matrices, which are more realistic.
Another, though mathematically less rigorous, way to describe random matrices is to describe them as perturbations of the elements of matrix
which can be large enough to introduce individual zero coefficients among the elements of € A . Now we know that the non-dominant eigenvalues disappear also if to some extent, which can be defined exactly in the case of random matrices, while the general mathematical theory has yet to be worked out. In other words, the distribution of the elements on the rows may be i.i.d., or there may be another distribution; an extremely asymmetric distribution obtains, if the system is hierarchic. Hierarchic systems are thus interesting as a limit case, which is intriguing, since ideas of leading sectors and followers recur in the history of economic thought.
After this long, but necessary, digression, we return to the analysis of wage curves of systems which, for whatever reason, being random or not, have small nondominant eigenvalues so that (2) value holds on average. Now on the one hand, using the orthogonality condition:
On the other hand, one has the known formula for the covariance of coefficients of the deviations (considered as random variables): 
The wage curve of a system, which is random and/or of the form € A = cf with perturbations then is nearly linear, the numéraire deviations are zero on average and/or if labour theory of value holds on average: (2) or (3), with € h −1 terms superimposed, which cause shifts and wiggles. Extending the idea of the deviations, we define
Combining conjugate complex solutions, 
The right-hand side of (5) The question now is how many wage curves will make it and appear on the envelope. If that number is small, the envelope can be expected to be composed 5 Theoretically, € v h could be large, of course. But it, if the systems are, technically speaking, random also with respect to the labour coefficients , € v h must be small, and this is our suggested explanation of the fact, why empirical wage curves in a spectrum of techniques seem to be sufficiently linear to cross only very rarely more than once.
6 Assuming
The reader is invited to work out these cases for himself.
mainly of nearly linear wage curves, because the less frequent outliers remain below. 7 The main justification for this procedure perhaps bears repetition: We do not postulate a general new theory of nearly linear wage curves, but we propose to explain the empirical finding that wage curves are nearly linear in the relevant range, and for this explanation we do not postulate that input-output tables are generally random or that the labour theory of value holds generally on average, but that these properties hold in combination to a sufficient degree. And who could deny that there is at least some randomness in the emergence of methods of production?
We thus involve a combination of properties to argue that the wage curves encountered on the envelope will tend to be nearly linear. By implication, the amount of capital per head 'demanded' at each rate of profit will tend to fall, as the rate of profit rises. But will the 'supply' of capital per head fall accordingly as the transition is made from one technique to another at any switchpoint? We must be brief on this point. Since technical change is piecemeal (Han and Schefold 
The lens of wage curves and its envelope
The question of whether reswitching is more than a fluke was first approached in terms of set theory. It was shown (Schefold 1976a ) that the set of potential methods engendering wage curves that intersect twice with the non-linear wage curve of a given system is not of measure zero in the set of potential methods engendering wage curves that interact at least once with the wage curve of the given system. But 
4. There is an upper and a lower envelope for the lens; the envelopes will look smooth (although they are composed of a finite number of straight lines) if many wage curves appear on them. But will this be the case?
industries and the numéraire has already been fixed so that € w 3 (r) cannot be strictly linear. The difficulty does not matter, because we are her really dealing with quasi-linear wage curves, i.e.
wage curves that are nearly linear in the relevant range (usually well below the maximum rate of profit). If a system is large and its wage curve is nearly linear, and if one method of production is replaced, the resulting new wage curve will also tend to be nearly linear for reasons of continuity.
In order to simplify the analysis which follows, we assume strict linearity, but it would do to assume that the curvature of wage curves is such that only two of them intersect at most once, in accordance with the empirical envelopes analysed in Han and Schefold (2006) , where wage curves with a switchpoint on the envelope had at least one other intersection in common in less than two percent of the more than 4000 cases. Kaldor's stylised facts: the capital-output ratio, represented by the inverse of the maximum rate of profit, would stay nearly constant and the capital-labour ratio would rise as one ascended the ladder of wage curves with rising productivity, in a temporal sequence (not in one given period, but in a state of rising knowledge).
What changes, if the straight lines are replaced by monotonically falling curves?
The envelope would still be monotonically falling, but the lens would not necessarily be concave. The wage curves of non-productive techniques would still be not positive at positive rates of profit, like € w 3 (r) in fig. 4 . The deviations of the wage curves from straight lines would be most pronounced near the maximum rates of profit, according to the analysis of section 2 above, hence the Kaldorian stylised facts would have to be questioned; the problems of capital theory affect neokeynesian as well as neoclassical economics.
We return to the assumption of straight wage curves in order to address our main theme. We simplify by assuming that all techniques are indecomposable and productive. We number the wage curves so that
, and we make the decisive equal-probability assumption: in the ordering of the maximum rates of profit The referee suggested an argument which represents the opposite of the neoclassical supposition: Since some techniques will plausibly embody more technical progress than others, it would seem more likely that a higher maximum wage will tend to be associated with higher efficiency in general and therefore with a higher maximum rate of profit, too. The argument seems to rely on linkages between all sectors, which we had excluded, assuming that linkages hold only within sectors. If, for the sake of the argument, we now admit the general linkages, related to progress, we do not necessarily arrive at the conclusion suggested by the referee. Research for innovation often is at least subjectively directed at either preferentially saving labour or certain means of production. One can also recall the different forms of technical progress with mechanisation and saving of labour being fostered by objective class struggle in Marx (Schefold 1976) . They imply a tendency to raise If we make the assumption of equal probability, together with the other, more innocent ones, which have been stated, we get at once a definite probability for the Joan Robinson-case of fig. 1 (one wage curve constitutes the envelope). Since But to get from this analysis to the elegant properties of production functions with a given and constant elasticity of substitution, 11 problematic additional assumptions would be required. In order to obtain more techniques on the envelope, given production function.
11 A constant elasticity of substitution is not required for the neoclassical theory in its general form, but for most relevant applications in the modern theory of growth.
We thus do not arrive at a full restoration of the production function. Another critical possibility 12 is that the elasticity of substitution of the intensity of capital to the rate of profit might be so low as to be irrelevant At this point, the reader, reminded of economic history, will remember other problems of the choice of technique. Even if we stick to the linear wage curves, the suspicion arises that the economy will hover below the surface of the ocean among a multitude of not quite efficient techniques, in accordance with the vision discussed in section 1 of this paper: That diffusion takes time, that the imitation of known technology is mixed up with progress and that such imitation becomes more challenging as one approaches the efficiency frontier. Hence it seems better to work with the apparatus of the wage curves and their envelope, and not with the problematic idealisation, the production function.
13 If the subsistent wage is not counted among the means of production, as Sraffa (1960) suggests ( § 8).
What remains of this analysis, if the wage curves are not strictly linear? We have argued that the deviations from linearity will only exceptionally be large and that the number of wage curves on the envelope will be relatively small, hence we may expect that the wage curves deviating drastically from linearity even at small rates of profit are likely to be inside the lens of all wage curves. However, more empirical work, involving the comparison of the wage curves derived from different inputoutput tables, not only the wage curves derived from individual input-output tables, is needed, as well as more theory to explain the curious spectra of eigenvalues of empirical input-output tables, before we can come to safe conclusions. We hope to have opened up a field of research where the existence o the production function and related questions can be discussed by other means than mere a priori reasoning.
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